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MOMENTS OF DIRICHLET L–FUNCTIONS WITH PRIME
CONDUCTORS OVER FUNCTION FIELDS
HUNG M. BUI AND ALEXANDRA FLOREA
Abstract. We compute the second moment in the family of quadratic Dirichlet L–
functions with prime conductors over Fq[x] when the degree of the discriminant goes
to infinity, obtaining one of the lower order terms. We also obtain an asymptotic
formula with the leading order term for the mean value of the derivatives of L–functions
associated to quadratic twists of a fixed elliptic curve over Fq(t) by monic irreducible
polynomials, which allows us to show that there exists a monic irreducible polynomial
such that the analytic rank of the corresponding twisted elliptic curve is equal to 1.
1. Introduction
In this paper we study the family of L–functions L(s, χP ) as P ranges over monic,
irreducible polynomials of degree 2g + 1 over Fq[x] and the family L(E ⊗ χP , s) for
E/Fq(t) a fixed elliptic curve, again as P ranges over monic, irreducible polynomials.
Andrade and Keating [AK13] computed the first moment at the central point 1/2 for
the family L(s, χP ), with a power saving error term. They also obtained the leading
order term for the second moment, which has size g3, and bounded the error term by
O(g2). We improve their result and prove the following.
Theorem 1.1. For q an odd number, we have
1
|P2g+1|
∑
P∈P2g+1
L
(
1
2
, χP
)2
=
g3
3ζq(2)
+ g2
(3
2
+
1
2q
)
+Oε(g
3/2+ε),
where the sum is over monic, irreducible polynomials with coefficients in Fq[x].
We also prove the following.
Theorem 1.2. Let q be a prime power with (q, 6) = 1. Let E/Fq(t) be a fixed elliptic
curve with discriminant ∆ and M be the product of the finite primes where E has
multiplicative reduction. Then for g ≥ deg(∆)−2
2
, we have
1
|P2g+1|
∑
P∈P2g+1
ǫ−L′(E ⊗ χP , 12) = 2(log q)
(AE(1; 1)− ǫ2g+1ǫ(E)AE(M ; 1))L(Sym2E, 1)g
+Oε(g
1/4+ε),
where ǫ− is defined in (2.6) and (2.5), and AE(N ; u) is given by (7.4). In particular,
unless ǫ2g+1ǫ(E) = 1 and M = 1, we obtain an asymptotic formula.
We remark that Andrade and Keating’s approach would give an error term of size
O(g) for the above mean value, and hence fails to give an asymptotic formula.
Define the analytic rank of the twisted elliptic curve E ⊗ χP by
rE⊗χP := ords=1/2L(E ⊗ χP , s).
1
2 HUNG M. BUI AND ALEXANDRA FLOREA
From Theorem 1.2 we obtain the following corollary.
Corollary 1.3. Unless ǫ2g+1ǫ(E) = 1 and M = 1, there exists a monic irreducible
polynomial P of degree 2g + 1 such that
rE⊗χP = 1.
Computing moments in families of L–functions is a well studied problem, due to
its applications to nonvanishing results, the subconvexity problem etc. Jutila [Jut81]
computed the first moment in the family of quadratic Dirichlet L–functions, obtaining
a power savings error term. Soundararajan [Sou00] obtained asymptotics for the second
and third moments for the family L(s, χ8d) for d an odd, square-free, positive number.
As a corollary, he showed that more than 87.5% of L(1/2, χd) do not vanish. Chowla
conjectured that L(1/2, χd) is never equal to 0.
Considering the family of quadratic Dirichlet L–functions with prime conductor, Ju-
tila [Jut81] also showed that∑
p≤X
p≡3 (mod 4)
L(1
2
, χp) =
X logX
4
+Oε(X(logX)
ǫ).
This family is more difficult to work with due to the fact that the sums are over primes,
as opposed to sums over essentially square-free numbers as in [Sou00]. Conditionally on
the Generalized Riemann Hypothesis (GRH), Baluyot and Pratt [BP18] obtained the
leading order term in the asymptotic for the second moment. Specifically, they proved
that ∑
p≤X
p≡1 (mod 8)
L(1
2
, χp)
2 = cX(logX)3 + O(X(logX)11/4),
for some explicit constant c. Unconditionally, they obtained upper and lower bounds
of the right order of magnitude. Using sieve methods, they also showed that more than
9% of L(1/2, χp) are non-zero. Under GRH, Andrade and Baluyot [AB18] computed
the 1–level density in the family and obtained that more than 75% of the L–functions
evaluated at the central point do not vanish.
The corresponding problem of computing moments in the family of quadratic Dirichlet
L–functions with prime conductor over function fields was considered by Andrade and
Keating [AK13]. For the second moment, they showed that
1
|P2g+1|
∑
P∈P2g+1
L
(
1
2
, χP
)2
=
g3
3ζq(2)
+O(g2). (1.1)
Similar to the recipe developed by Conrey, Farmer, Keating, Rubinstein and Snaith
[CFK+05], Andrade, Jung and Shamesaldeen [AJS18] conjectured asymptotic formulas
for the integral moments of L(1/2, χP ). Specifically, the conjecture is that
1
|P2g+1|
∑
P∈P2g+1
L
(
1
2
, χP
)k ∼ Pk(2g + 1), (1.2)
where Pk is an explicit polynomial of degree g(g + 1)/2.
To obtain the asymptotic formula (1.1), Andrade and Keating used the approximate
functional equation and then computed a diagonal contribution from square polynomi-
als, which gives the main term of size g3. To bound the contribution from non-squares,
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they used the Weil bound (which follows from GRH over function fields). To explicitly
compute the term of size g2 in Theorem 1.1, we are more careful in bounding the er-
ror term coming from non-square polynomials. After using the approximate functional
equation, we truncate the Dirichlet series close to the endpoint. On the first, longer
Dirichlet polynomial, we compute the diagonal term and bound the off-diagonal using
the Weil bound. Since this Dirichlet polynomial is shorter than the one considered by
Andrade and Keating, we obtain a saving on the error term. For the tail of the Dirich-
let polynomial, we use the Perron formula and express it in terms of a shifted moment
expression integrated along a circle around the origin. For the integral on a small arc
around the origin, we use a recursive formula for the shifted moment and exhibit some
explicit cancellation between this term and the diagonal. For the integral along the
complement of the small arc, we use upper bounds for moments. A similar idea was
used in the computation of lower order terms for the fourth moment of quadratic Dirich-
let L–functions over function fields in [Flo17]. Note that we expect off-diagonal terms
to contribute to the coefficient of g in the asymptotic formula (1.2). For Theorem 1.1,
both the g3 and g2 terms come from the diagonal. To explicitly compute off-diagonal
terms, one would need to use a more refined method rather than relying on the Weil
bound.
In the orthogonal family of quadratic twists of a fixed modular form, the first moment
was computed in [BFH90], [MM91], [Iwa90]. The second moment was considered by
Soundararajan and Young [SY10], who obtained an asymptotic formula with the lead-
ing order term, conditionally on GRH. Unconditionally, they obtained a lower bound
which matches the answer conjectured by Keating and Snaith in [KS00]. Some of the
work in the present paper is inspired by ideas used by Soundararajan and Young in
[SY10]. Using similar ideas, also under GRH, Petrow [Pet14] obtained several asymp-
totic formulas for moments of derivatives in this orthogonal family when the sign of the
functional equation is equal to −1.
Similar problems over function fields were considered in [BFKRG19]. The authors
computed the first and second moments in the family of L–functions associated to
quadratic twists of a fixed elliptic curve over Fq(t), and various other moments involving
derivatives of these L–functions. These asymptotic formulas allow them to deduce lower
bounds on the correlations between the analytic ranks of quadratic twists of two distinct
elliptic curves. Note that in Theorem 1.2 we compute the first moment for derivatives
of the L–functions with root number equal to −1. Our methods do not allow us to
obtain the mean value for the L–functions themselves, as the error term coming from
using upper bounds for moments would dominate the diagonal term which has constant
size in this case.
Acknowledgements. The authors would like to thank Kyle Pratt for useful dis-
cussions regarding his work with S. Baluyot on moments of Dirichlet L–functions with
prime conductor [BP18].
2. Background
Fix an odd number q. Let M denote the set of monic polynomials with coefficients
in Fq, and M≤n be the set of monic polynomials with degree less than or equal to n.
Let Pn denote the set of monic, irreducible polynomials over Fq[x]. The norm of a
polynomial f is defined to be |f | = qdeg(f).
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The Prime Polynomial Theorem states that
|Pn| = q
n
n
+O
(qn/2
n
)
. (2.1)
The quadratic character over Fq[t] is defined as follows. For P a monic, irreducible
polynomial and f a monic polynomial, let
χP (f) =
(P
f
)
,
where (P
f
) is the quadratic residue symbol over Fq[x].
The zeta-function is defined as
ζq(s) =
∑
f∈M
1
|f |s ,
for ℜ(s) > 1. Since there are qn monic polynomials of degree n, one can easily show
that
ζq(s) =
1
1− q1−s ,
which provides a meromorphic continuation of ζq with a simple pole at s = 1. We will
often make the change of variables u = q−s, and then the zeta-function becomes
Z(u) = ζq(s) =
∑
f∈M
udeg(f) =
1
1− qu,
with a simple pole at u = 1/q. Note that Z(u) can also be written in terms of an Euler
product as
Z(u) =
∏
Q
(
1− udeg(Q)
)−1
,
where the product is over monic, irreducible polynomials in Fq[t].
For P a monic irreducible polynomial, the L–function associated to the quadratic
character χP is defined by
L(s, χP ) =
∑
f∈M
χP (f)
|f |s =
∏
Q
(
1− χP (Q)|Q|s
)−1
.
Similarly as before, with the change of variables u = q−s, one has
L(u, χP ) =
∑
f∈M
χP (f)u
deg(f) =
∏
Q
(
1− χP (Q)udeg(Q)
)−1
.
By orthogonality of characters, it follows that L(u, χP ) is a polynomial of degree at
most deg(P )− 1.
For P ∈ P2g+1, the L–function satisfies the following functional equation
L(u, χP ) = (qu2)gL
( 1
qu
, χP
)
. (2.2)
To define elliptic curve L–functions over function fields, we take q to be a prime power
with (q, 6) = 1. Let E/Fq(t) be an elliptic curve defined by y
2 = x3 + Ax + B, with
A,B ∈ Fq[t] and discriminant ∆ = 4A3 + 27B2 such that degt(∆) is minimal among
models of E/Fq(t) of this form. The normalized L–function associated to the elliptic
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curve E/Fq(t) has a Dirichlet series and an Euler product which converge for ℜ(s) > 1,
as follows.
L(E, s) := L(E, u) =
∑
f∈M
λ(f)udeg(f) (2.3)
=
∏
Q|∆
(
1− λ(Q)udeg(Q)
)−1∏
Q∤∆
(
1− λ(Q)udeg(Q) + u2 deg(Q)
)−1
.
One can show that the L–function is a polynomial in u with integer coefficients and has
degree
n := deg
(L(E, u)) = deg(M) + 2 deg(A)− 4, (2.4)
where M denotes the product of the finite primes where E has multiplicative reduction
and A the product of the finite primes where E has additive reduction (See [BH12]).
The L–function satisfies a functional equation; namely, there exists ǫ(E) ∈ {±1} such
that
L(E, u) = ǫ(E)(√qu)nL
(
E,
1
qu
)
.
For P ∈ P2g+1 and (P,∆) = 1, we consider the twisted elliptic curve E ⊗ χP having
the affine model y2 = x3 + P 2Ax + P 3B. The L–function of the twisted elliptic curve
has the following Dirichlet series and Euler product
L(E ⊗ χP , u) =
∑
f∈M
λ(f)χP (f)u
deg(f)
=
∏
Q|∆
(
1− λ(Q)χP (Q)udeg(Q)
)−1 ∏
Q∤∆P
(
1− λ(Q)χP (Q)udeg(Q) + u2 deg(Q)
)−1
.
The L–function L(E ⊗ χP , u) is a polynomial of degree n + 2deg(P ) and moreover it
satisfies the functional equation
L(E ⊗ χP , u) = ǫ (√qu)n+2deg(P )L
(
E ⊗ χP , 1
qu
)
, (2.5)
where ǫ is the root number of the twisted elliptic curve and it is equal to
ǫ = ǫdeg(P )ǫ(E)χP (M).
In the above equation, ǫdeg(P ) ∈ {±1} is an integer which only depends on the degree
of P (see Proposition 4.3 in [BH12]). We set
ǫ− =
1− ǫ
2
. (2.6)
3. Preliminary Lemmas
Here we will gather a few lemmas we need. We have the following approximate
functional equation.
Lemma 3.1. For P ∈ P2g+1, we have
L
( u√
q
, χP
)2
=
∑
f∈M≤2g
τ(f)χP (f)u
deg(f)√|f | + u4g
∑
f∈M≤2g−1
τ(f)χP (f)√|f |udeg(f) ,
where τ(f) =
∑
f1f2=f
1 is the divisor function.
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Proof. See [AK13], equation (4.4). 
Lemma 3.2. For P ∈ P2g+1 and E/Fq(t) such that ǫ = −1, we have
L′(E ⊗ χP , 12) = 2(log q)
∑
deg(f)≤[n/2]+2g+1
(
[n/2] + 2g + 1− deg(f))λ(f)χP (f)√|f | .
Proof. See Lemma 2.3 in [BFKRG19]. 
The following Weil bound holds for character sums over primes.
Lemma 3.3. For f not a square, we have
1
|P2g+1|
∑
P∈P2g+1
χP (f)≪ q−g deg(f).
Proof. See [Rud10], equation (2.5). 
4. Upper bounds
In this section we will prove the following upper bounds for moments, whose proofs
are similar to the proof of the upper bound for moments of the Riemann zeta-function
in [Sou09]. A similar function field proof can also be found in [Flo17].
Proposition 4.1. Let u = eiθ with θ ∈ [0, 2π). Then for every k > 0 and ǫ > 0, we
have
1
|P2g+1|
∑
P∈P2g+1
∣∣∣L( u√
q
, χP
)∣∣∣k ≪ε gε exp (kM1(u, g) + k2
2
V1(u, g)
)
,
where
M1(u, g) = 1
2
logmin
{
g,
1
2θ
}
and
V1(u, g) =M1(u, g) + log g
2
.
Here for θ ∈ [0, 2π) we denote θ = min{θ, 2π − θ}.
Proposition 4.2. Let u = eiθ with θ ∈ [0, 2π) and let m = deg (L(E ⊗ χP , v)). Then
for every k > 0 we have
1
|P2g+1|
∑
P∈P2g+1
∣∣∣L(E ⊗ χP , u√
q
)∣∣∣k ≪ε gε exp (kM2(u,m) + k2
2
V2(u,m)
)
,
where
M2(u,m) = −1
2
logmin
{
m,
1
2θ
}
and
V2(u,m) = −M2(u,m) + logm
2
.
Propositions 4.1 and 4.2 immediately lead to the following corollary.
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Corollary 4.3. Let u = eiθ with θ ∈ [0, 2π). Then
1
|P2g+1|
∑
P∈P2g+1
∣∣∣L( u√
q
, χP
)∣∣∣2 ≪ε g1+ǫmin{g, 1
2θ
}2
and
1
|P2g+1|
∑
P∈P2g+1
∣∣∣L(E ⊗ χP , u√
q
)∣∣∣≪ε g1/4+ǫmin{g, 1
2θ
}−1/4
.
Before proving the above propositions, we first need the following lemma.
Lemma 4.4. Let h, l be integers such that hl ≤ g and h > 1. For any complex numbers
a(Q) we have
1
|P2g+1|
∑
P∈P2g+1
∣∣∣∣ ∑
Q∈P≤h
a(Q)χP (Q)√|Q|
∣∣∣∣
2l
≪ (2l)!
l!2l
( ∑
Q∈P≤h
|a(Q)|2
|Q|
)l
.
Proof. The proof is similar to the proof of Lemma 6.3 in [SY10]. Expanding out and
using Lemma 3.3 we have
1
|P2g+1|
∑
P∈P2g+1
∣∣∣∣ ∑
Q∈P≤h
a(Q)χP (Q)√|Q|
∣∣∣∣
2l
≪
∑
Q1,...,Q2l∈P≤h
Q1...Q2l=
|a(Q1) . . . a(Q2l)|√
|Q1 . . . Q2l|
+O
(
hlq−g
∑
Q1,...,Q2l∈P≤h
|a(Q1) . . . a(Q2l)√
|Q1 . . . Q2l|
)
.
(4.1)
For the first term, we note that Q1 . . . Q2l =  if and only if there is a way to pair
up the indices so that the corresponding polynomials are equal. As there are (2l)!/l!2l
ways to pair up 2l indices, it follows that∑
Q1,...,Q2l∈P≤h
Q1...Q2l=
|a(Q1) . . . a(Q2l)|√|Q1 . . . Q2l| ≪
(2l)!
l!2l
( ∑
Q∈P≤h
|a(Q)|2
|Q|
)l
.
For the second term in (4.1), we use the Cauchy-Schwarz inequality to see that it is
bounded by
≪ gq−g
( ∑
Q∈P≤h
a(Q)√|Q|
)2l
≪ gq−g
( ∑
Q∈P≤h
|a(Q)|2
|Q|
)l( ∑
Q∈P≤h
1
)l
.
Since h > 1 and hl ≤ g, using the Prime Polynomial Theorem, it follows that the above
is bounded by
≪
( ∑
Q∈P≤h
|a(Q)|2
|Q|
)l
,
and the proof is complete.

We shall only illustrate the proof of Proposition 4.2. The proof of Proposition 4.1
follows along the same lines and it is also similar to the proof of Theorem 2.7 in [Flo17],
using Lemma 4.4 instead of Lemma 8.4 in [Flo17].
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Lemma 4.5. Let
N(V, u) =
1
|P2g+1|
∣∣∣∣{P ∈ P2g+1 : log ∣∣∣L(E ⊗ χP , u√q
)∣∣∣ ≥ V +M2(u,m)}
∣∣∣∣.
If
√
logm ≤ V ≤ V2(u,m), then
N(V, u)≪ exp
(
− V
2
2V2(u,m)
(
1− 8
log logm
))
;
if V2(u,m) < V ≤ log logm16 V2(u,m), then
N(V, u)≪ exp
(
− V
2
2V2(u,m)
(
1− 8VV2(u,m) log logm
)2)
;
and if V > log logm
16
V2(u,m), then
N(V, u)≪ exp
(
− V log V
4500
)
.
Proof. Let
A =


log logm
2
if
√
logm ≤ V ≤ V2(u,m),
log logm
2V
V2(u,m) if V2(u,m) < V ≤ log logm16 V2(u,m),
8 if V > log logm
16
V2(u,m),
,
and
m
h
=
V
A
.
Proposition 4.3 in [BFKRG19] yields
log
∣∣∣∣L(E ⊗ χP , u√q
)∣∣∣∣ ≤ mh + 1hℜ
( ∑
j≥1
deg(Qj)≤h
(α(Q)j + β(Q)j)χP (Q
j) log qh−j deg(Q)
|Q|(1/2+(1/h−iθ)/ log q)j log qj
)
.
(4.2)
The contribution of the terms with j ≥ 3 is bounded by O(1). The terms with j = 2
will contribute
1
2h
∑
deg(Q)≤h/2
(h− 2 deg(Q))(λ(Q2)− 1) cos(2θ deg(Q))
|Q|e2deg(Q)/h .
Let
F (h, θ) =
h∑
n=1
cos(2nθ)
nen/h
.
As in Lemma 9.1 in [Flo17], we can show that
F (h, θ) = logmin
{
h,
1
2θ
}
+O(1).
Since ∑
deg(Q)≤h
λ(Q2) cos(2θ deg(Q))
|Q|edeg(Q)/h = O(log log h), (4.3)
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it follows that the contribution from j = 2 is
− 1
2h
∑
deg(Q)≤h
2
(h− 2 deg(Q)) cos(2θ deg(Q))
|Q|e2 deg(Q)/h +O(log logm)
= −F (h/2, θ)
2
+O(log logm) ≤ −F (m, θ)
2
+
m
h
+O(log logm)
=M2(u,m) + m
h
+O(log logm). (4.4)
Note that in the second line of the equation above we used the fact that
F (m, θ)− F
(h
2
, θ
)
=
m∑
n=1
cos(2nθ)
nen/m
−
h/2∑
n=1
cos(2nθ)
ne2n/h
,
and since e−x = 1 +O(x), we have
F (m, θ)− F
(h
2
, θ
)
=
m∑
n=h/2+1
cos(2nθ)
n
+O(1) ≤ 2m
h
+O(1).
Applying equation (4.4) to (4.2) hence leads to
log
∣∣∣∣L(E ⊗ χP , u√q
)∣∣∣∣ ≤M2(u,m) + 3mh
+
1
h
∑
deg(Q)≤h
(h− deg(Q))λ(Q)χP (Q) cos(θ deg(Q))√|Q|edeg(Q)/h .
Let S1 be the sum above truncated at
deg(Q) ≤ h0 = h
logm
and S2 be the sum over primes with h0 < deg(Q) ≤ h. If P is such that
log
∣∣∣∣L(E ⊗ χP , u√q
)∣∣∣∣ ≥ V +M2(u,m),
then
S1 ≥ V1 := V
(
1− 4
A
)
or S2 ≥ V
A
.
Let
F1 = {P ∈ P2g+1 : S1 ≥ V1} and F2 = {P ∈ P2g+1 : S2 ≥ V/A}.
If P ∈ F2, then by Markov’s inequality and Lemma 4.4 it follows that
|F2| ≪
(A
V
)2l ∑
P∈P2g+1
( ∑
h0<deg(Q)≤h
a(Q)χP (Q)√|Q|
)2l
≪ |P2g+1|
(A
V
)2l (2l)!
l!2l
( ∑
h0<deg(Q)≤h
|a(Q)|2
|Q|
)l
,
for any l ≤ g/h where
a(Q) =
(h− deg(Q))λ(Q) cos(θ deg(Q))
hedeg(Q)/h
.
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We pick l = [g/h] and note that a(P )≪ 1 and m = 4g +O(1). Hence we get that
|F2| ≪ |P2g+1|
(A
V
)2l(2l
e
)l
(log logm)l ≪ |P2g+1| exp
(
− V log V
8A
)
. (4.5)
If P ∈ F1 then similarly for any l ≤ g/h0, we have
|F1| ≪ |P2g+1| 1
V 2l1
(2l)!
l!2l
( ∑
deg(Q)≤h0
|a(Q)|2
|Q|
)l
.
Using the expression for a(Q) and equation (4.3) we obtain
|F1| ≪ |P2g+1|
( 2l
eV 21
)l(V2(u,m) +O(log logm))l.
If V ≤ V2(u,m)2, then we pick l = [V 21 /2V2(u,m)], and if V > V2(u,m)2, then we pick
l = [10V ]. In doing so we get
|F1| ≪ |P2g+1| exp
(
− V
2
1
2V2(u,m)
)
+ |P2g+1| exp(−V log V ). (4.6)
Combining the bounds (4.6) and (4.5) finishes the proof of Lemma 4.5. 
Proof of Theorem 4.2. We have the following.
1
|P2g+1|
∑
P∈P2g+1
∣∣∣L(E ⊗ χP , u√
q
)∣∣∣k = −∫ ∞
−∞
exp
(
kV + kM2(u,m)
)
dN(V, u)
= k
∫ ∞
−∞
exp
(
kV + kM2(u,m)
)
N(V, u)dV.
We apply Lemma 4.5 in the form
N(V, u)≪ε
{
mε exp
(
− V 2
2V2(u,m)
)
if V ≤ 8kV2(u,m),
mε exp(−4kV ) if V > 8kV2(u,m)
to the above formula and finish the proof of the theorem. 
5. Main propositions
Proposition 5.1. For X < g, let
E1(X) =
1
|P2g+1|
∑
P∈P2g+1
∑
2X<deg(f)≤2g
τ(f)χP (f)√|f | .
Then
E1(X) =
g2(g −X)
2ζq(2)
+Oε
(
g3/2+ε(g −X))+O(g1/2(g −X)3).
Proof. Applying the Perron formula we get
E1(X) =
1
2πi
∮
|u|=1
1
|P2g+1|
∑
P∈P2g+1
L
( u√
q
, χP
)2 (1− u2g−2X) du
u2g+1(1− u)
=
1
2πi
∫
C1
1
|P2g+1|
∑
P∈P2g+1
L
( u√
q
, χP
)2 (1− u2g−2X) du
u2g+1(1− u)
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+
1
2πi
∫
C2
1
|P2g+1|
∑
P∈P2g+1
L
( u√
q
, χP
)2 (1− u2g−2X) du
u2g+1(1− u) ,
where C1 denotes the arc of angle 4πθ1 centered around 1, with 1/g ≪ θ1 = o(1), and
C2 is its complement. Let E11 denote the integral over C1 and E12 the integral over C2.
Note that ∣∣∣1− u2g−2X
1− u
∣∣∣ ≤ 2(g −X),
so there is no pole at u = 1. On C2 using Corollary 4.3 we obtain
E12 ≪ε g1+ε(g −X)θ−11 . (5.1)
On C1 we use the approximate functional equation in Lemma 3.1. For f 6=  we
apply Lemma 3.3. In doing so we get
1
|P2g+1|
∑
P∈P2g+1
L
( u√
q
, χP
)2
=
∑
f∈M≤g
τ(f 2)u2 deg(f)
|f | + u
4g
∑
f∈M≤g−1
τ(f 2)
|f |u2deg(f) +O(g
2),
and hence
E11 =
∑
f∈M≤g
τ(f 2)
|f |
1
2πi
∫
C1
(1− u2g−2X) du
u2g−2 deg(f)+1(1− u)
+
∑
f∈M≤g−1
τ(f 2)
|f |
1
2πi
∫
C1
(1− u2g−2X) du
u−2g+2deg(f)+1(1− u) +O(g
2(g −X)θ1).
Now ∑
f∈M
τ(f 2)vdeg(f) =
Z(v)3
Z(v2) , (5.2)
so using the Perron formula and making a change of variables in the second equation,
we have
E11 =
1
(2πi)2
∮
|v|=r
∫
C1
Z(u2v/q)3(1− u2g−2X)
Z(u4v2/q2)(1− u)(1− v)u2g+1vg+1 du dv
+
1
(2πi)2
∮
|v|=r
∫
C1
Z(v/(u2q))3(1− u2g−2X)
Z(v2/(u4q2))(1− u)(1− v)u−2g+1vg du dv +O(g
2(g −X)θ1)
=
1
(2πi)2
∮
|v|=r
∫
C1
(1− u2g−2X)(1− v2/q)
uvg+1(1− u)(1− v/u2)(1− v)3 du dv
+
1
(2πi)2
∮
|v|=r
∫
C1
u(1− u2g−2X)(1− v2/q)
vg(1− u)(1− u2v)(1− v)3 du dv +O(g
2(g −X)θ1),
for r < 1. We have
1
2πi
∫
C1
(1− u2g−2X)du
u(1− u)(1− v/u2) =
2g−2X−1∑
j=0
∞∑
n=0
vn
1
2πi
∫
C1
uj−2n−1 du
=
2g−2X−1∑
j=0
∞∑
n=0
vn
∫ θ1
−θ1
e2πiθ(j−2n) dθ =
1
π
2g−2X−1∑
j=0
∞∑
n=0
vn
sin(2π(2n− j)θ1)
2n− j ,
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and similarly
1
2πi
∫
C1
uv(1− u2g−2X)du
(1− u)(1− u2v) =
1
π
2g−2X−1∑
j=0
∞∑
n=1
vn
sin(2π(2n+ j)θ1)
2n + j
.
Hence
E11 =
1
π
1
2πi
∮
|v|=r
2g−2X−1∑
j=0
( g∑
n=0
vn
sin(2π(2n− j)θ1)
2n− j +
g∑
n=1
vn
sin(2π(2n+ j)θ1)
2n+ j
)
× (1− v
2/q) dv
vg+1(1− v)3 +O(g
2(g −X)θ1).
Enlarging the contour and evaluating the residue at v = 1 we get that
E11 =
1
2π
2g−2X−1∑
j=0
( g∑
n=0
sin(2π(2n− j)θ1)
2n− j P (n) +
g∑
n=1
sin(2π(2n+ j)θ1)
2n+ j
P (n)
)
+O(g2(g −X)θ1),
where
P (x) =
(
1− 1
q
)
(g − x)2 +
(
3 +
1
q
)
(g − x) + 2
=
(
1− 1
q
)
x2 −
(
2
(
1− 1
q
)
g + 3 +
1
q
)
x+
(
1− 1
q
)
g2 +
(
3 +
1
q
)
g + 2.
Using Lemma 9.4 in [Flo17] we then obtain
E11 =
g2(g −X)
2ζq(2)
+O
(
g2(g −X)θ1
)
+O
(
g(g −X)3θ1
)
+O
(
g(g −X)θ−11
)
. (5.3)
Combining equations (5.1), (5.3) and choosing θ1 = 1/
√
g we obtain the proposition.

Proposition 5.2. For N a fixed square-free monic polynomial, n ∈ N fixed and X < 2g,
let
E2(N,X, n) =
1
|P2g+1|
∑
P∈P2g+1
∑
X<deg(f)≤2g+n
(
2g + n− deg(f))λ(f)χP (Nf)√|f | . (5.4)
Then
E2(N,X, n)≪ε g1/4+ε(2g −X)2.
Proof. Using the Perron formula for the sum over f in (5.4) we have
E2(N,X, n) =
1
2πi
∮
|u|=1
1
|P2g+1|
∑
P∈P2g+1
χP (N)L
(
E ⊗ χP , u√
q
)
×
(1− u2g+n−X
u2g+n
− (2g + n−X)(1− u)
uX+1
) du
(1− u)2 .
Note that (1− u2g+n−X
u2g+n
− (2g + n−X)(1− u)
uX+1
) 1
(1− u)2 ≪ (2g −X)
2,
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and so, in particular, there is no pole at u = 1. The proposition hence follows after
applying Corollary 4.3. 
6. Proof of Theorem 1.1
We first use the approximate functional equation in Lemma 3.1 to write
1
|P2g+1|
∑
P∈P2g+1
L
(
1
2
, χP
)2
= S1 + S2,
where
S1 =
1
|P2g+1|
∑
P∈P2g+1
∑
f∈M≤2g
τ(f)χP (f)√|f |
and S2 has a similar expression withM≤2g being replaced byM≤2g−1. From Proposition
5.1 we obtain
S1 =
1
|P2g+1|
∑
P∈P2g+1
∑
f∈M≤2X
τ(f)χP (f)√|f | +
g2(g −X)
2ζq(2)
+Oε
(
g3/2+ε(g −X))+O(g1/2(g −X)3).
For f 6=  we apply Lemma 3.3. In doing so we get
S1 =
∑
f∈M≤X
τ(f 2)
|f | +
g2(g −X)
2ζq(2)
+Oε
(
g3/2+ε(g−X))+O(g1/2(g−X)3)+O(q−g+Xg2).
In view of (5.2) and the Perron formula, the above sum over f is
1
2πi
∮
|u|=r
Z(u/q)3
Z(u2/q2)
du
uX+1(1− u) =
1
2πi
∮
|u|=r
(1− u2/q)du
uX+1(1− u)4 ,
for r < 1. By enlarging the contour of integration, passing the pole at u = 1, we see
that this is equal to
X3
6ζq(2)
+X2 +O(X).
Thus
S1 =
g3
6ζq(2)
+ g2 +Oε
(
g3/2+ε(g −X))+O(g1/2(g −X)3)+O(q−g+Xg2).
A similar computation leads to
S2 =
g3
6ζq(2)
+ g2
(1
2
+
1
2q
)
+Oε
(
g3/2+ε(g −X))+O(g1/2(g −X)3)+O(q−g+Xg2).
To obtain Theorem 1.1, we choose X = g − [100 log g].
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7. Proof of Theorem 1.2
For N a fixed square-free monic polynomial, let TE(N,X) = TE(N,X ; 0), where
TE(N,X ;α) =
1
|P2g+1|
∑
P∈P2g+1
∑
f∈M≤X
λ(f)χP (Nf)
|f |1/2+α (7.1)
and |α| ≪ 1/g. From Lemma 3.2 we have
ǫ−L′(E ⊗ χP , 12) = (log q)
(
1− ǫ2g+1ǫ(E)χP (M)
)
×
∑
deg(f)≤[n/2]+2g+1
(
[n/2] + 2g + 1− deg(f))λ(f)χP (f)√
|f | .
Truncating the above sum at deg(f) ≤ X and applying Proposition 5.2 we get
1
|P2g+1|
∑
P∈P2g+1
ǫ−L′(E ⊗ χP , 12)
= (log q)
(
[n/2] + 2g + 1
)(
TE(1, X)− ǫ2g+1ǫ(E)TE(M,X)
)
(7.2)
+
∂
∂α
(
TE(1, X ;α)− ǫ2g+1ǫ(E)TE(M,X ;α)
)∣∣∣∣
α=0
+Oε
(
g1/4+ε(2g −X)2).
Thus we are left to evaluate TE(N,X ;α).
For Nf 6=  in (7.1), we apply Lemma 3.3, and the contribution of these terms is
O(q−g+X/2g2). So, by the Perron formula,
TE(N,X ;α) =
∑
f∈M≤X
Nf=
λ(f)
|f |1/2+α +O(q
−g+X/2g2)
=
1
2πi
∮
|u|=r
∑
Nf=
λ(f)udeg(f)
|f |1/2+α
du
uX+1(1− u) +O(q
−g+X/2g2), (7.3)
for r < 1. We can write the sum in the integrand in terms of its Euler product as
∏
Q
( ∑
j+ordQ(N) even
λ(Qj)uj deg(Q)
|Q|(1/2+α)j
)
= AE(N ; u)L
(
Sym2E,
u2
q1+2α
)
, (7.4)
where AE(N ; u) is some Euler product which is uniformly bounded for |u| ≤ q1/2−ε. We
shift the contour in (7.3) to |u| = q1/2−ε, encountering a simple pole at u = 1. Thus
TE(N,X ;α) = AE(N ; 1)L(Sym2E, 1 + 2α) +O(q−g+X/2g2) +Oε(q−X/2+εX). (7.5)
From (7.2), (7.5) and Cauchy’s residue theorem we obtain
1
|P2g+1|
∑
P∈P2g+1
ǫ−L′(E ⊗ χP , 12) = 2(log q)
(AE(1; 1)− ǫ2g+1ǫ(E)AE(M ; 1))L(Sym2E, 1)g
+Oε
(
g1/4+ε(2g −X)2)+O(q−g+X/2g2) +Oε(q−X/2+εX).
Chossing X = 2g − [100 log g] the theorem follows.
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8. Checking the coefficients
Here we check that the asymptotic formula we obtain in Theorem 1.1 agrees with
the conjecture in [AJS18]. From [AJS18] we have that the term involving g2 in the
asymptotic formula should be equal to
3(2g)2
24
A(1
2
; 0, 0) +
6(2g)2
24
A(1
2
; 0, 0) +
3(2g)2
24 log q
(
A1(
1
2
; 0, 0) + A2(
1
2
; 0, 0)
)
, (8.1)
where
A(1
2
; z1, z2) =
∏
Q
(
1− 1|Q|1+z1+z2
)(
1− 1|Q|1+2z1
)(
1− 1|Q|1+2z2
)
(8.2)
× 1
2
((
1− 1|Q|1/2+z1
)−1(
1− 1|Q|1/2+z2
)−1
+
(
1 +
1
|Q|1/2+z1
)−1(
1 +
1
|Q|1/2+z2
)−1)
,
and
A1(
1
2
; 0, 0) =
∂
∂z1
A(1
2
; z1, z2)
∣∣∣
z1=z2=0
,
and a similar expression holds for A2(1/2; 0, 0). Since A1(1/2; 0, 0) = A2(1/2; 0, 0), it
follows that the coefficient of g2 in (8.1) is equal to
3A(1/2; 0, 0)
2
+
A1(1/2; 0, 0)
log q
. (8.3)
Using equation (8.2), we have
A(1
2
; 0, 0) =
1
ζq(2)
,
and
A1(1/2; 0, 0)
(log q)A(1/2; 0, 0)
=
∑
Q
3 deg(Q)
|Q| − 1 −
∑
Q
(3|Q|+ 1) deg(Q)
|Q|2 − 1 =
∑
Q
2 deg(Q)
|Q|2 − 1 =
2
q − 1 ,
where the last identity follows from the logarithmic expression of ζq(s). Then equation
(8.3) simplifies to
3
2ζq(2)
+
2
ζq(2)(q − 1) =
3
2
+
1
2q
,
which matches the coefficient in Theorem 1.1.
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